The opening of a band gap due to compressive uniaxial strain renders bulk HgTe a strong threedimensional topological insulators with protected gapless surface states at any surface. By employing a six-band k · p model, we determine the spin textures of the topological surface states of strained HgTe using their close relations with the mirror Chern numbers of the system and the orbital composition of the surface states. We show that at surfaces with C2v point group symmetry an increase in the strain magnitude triggers a topological phase transition where the winding number of the surface state spin texture is flipped while the four topological invariants characterizing the bulk band structure of the material are unchanged.
Introduction -Topological insulators (TIs) are new quantum states of matter whose theoretical prediction and experimental verification has had a tremendous impact in the field of fundamental condensed matter physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , and for potential applications in spintronics and quantum computation [18] . Time-reversal (TR) invariant TIs are insulating in the bulk but they do possess gapless surface states topologically protected by TR symmetry [1, 3] . These metallic surface states are spinmomentum locked: surface electrons with opposite spins counterpropagate at the sample boundaries. For threedimensional (3D) TIs, Bi 2 Se 3 [10] , Bi 14 Rh 3 I 9 [15] , and β-HgS [19, 20] to name but a few, the existence of these topological surface states (TSS) can be directly inferred from the four Z 2 indices characterizing the bulk band structure of a 3D TR invariant insulator [7] [8] [9] . However, both the strong ν 0 index and the three weak {ν 1 , ν 2 , ν 3 } indices make no assertion on the nature of the spin textures of the surface states which, realizing a vortex structure in momentum space, can be characterized topologically by the winding number (the topological charge of the vortex) of the planar unit spin (n i , n j ) = (S i , S j )/ S 2 i + S 2 j . It is defined by
where C is a closed loop in momentum space encircling the essential degeneracy point of the topological surface state, guaranteed by TR invariance. Generally speaking, the two winding numbers w = ±1 [c.f. Fig. 1 ] are equally compatible for linear Dirac cones, and the specific value is independent of the Z 2 topological indices of the bulk band structure. In many strong 3D TIs with a single Dirac cone on the surface, however, additional point group symmetries at the surfaces pin the spin tex- ture winding number to w = 1. This occurs at the high C 3v [21, 22] symmetry surfaces of materials with a rhombohedral crystal structure such as Bi 2 Se 3 , or at the C 4v point group symmetric surfaces [23] of cubic materials such as β-HgS [24] . For surfaces where the symmetry is lowered, a similar assertion cannot be made. The aim of this Letter is to show that for C 2v point group symmetric surfaces, the surface state spin textures of compressively strained bulk HgTe -a strong 3D TI whose non-trivial topological properties have been experimentally verified by quantum Hall measurements [25] have a topological charge that can be flipped from w = 1 to w = −1 by continuously increasing the strain magnitude. We will use the close relations [26] connecting the winding number of the spin textures, the mirror Chern numbers of the system and the orbital composition of the topological surface states, and thereby demonstrate, within a six-band k · p Kane model, that for a uniaxial strain along the (100) direction, the orbital character of the topological surface states at the (010) and (001) arXiv:1605.00293v1 [cond-mat.mes-hall] 1 May 2016 surfaces depends sensitively upon the strain magnitude. This ultimately leads to a change in the nature of the surface state spin textures at a critical strain magnitude.
Topological Surface State Dirac pointsPristine HgTe is a zero gap semiconductor with the Fermi energy in the middle of the fourfold degenerate light-hole (LH) and heavy-hole (HH) Γ 8 states at the BZ center [7, 27] . The topological nature of the electronic states in this material cannot be inferred from these p 3/2 atomic levels [7] but rather follows from the inverted band ordering at the zone center of the LH Γ 8 band, which is particle-like, and the Γ 6 s-band, which is hole-like. In normal semiconductors, such as CdTe, the Γ 6 band forms the conduction band while the LH Γ 8 band represents one of the valence bands. This inverted band ordering, which is an immediate consequence of the strong spin-orbit coupling of Hg, establishes this material to be topologically non-trivial since two bands of opposite parities have level crossed with respect to the normal band ordering. By externally applying a compressive uniaxial strain, the fourfold degeneracy of the Γ 8 states at the zone center is lifted and thus a gap at the Fermi energy opens up [7, 25] . In addition, the parity eigenvalues of the occupied bands are unchanged, which thereby establishes compressively strained HgTe as a strong 3D TI.
The bulk-boundary correspondence [16, 17] then guarantees the existence of TSS with a conical dispersion at any surface, and the surface Kramer's doublet -the Dirac point -sitting at the surface BZ center. To verify this, we rely on an effective low-energy theory based upon a k · p expansion of the lowest energy bands around the Γ point of the BZ. This approach has successfully described the Quantum Spin Hall effect in HgTe/CdTe quantum wells [4, 6] . We thus employ the six-band Kane model for the Γ 6,8 bands [28] , where the influence of a compressive uniaxial strain, which, without loss of generality, we assume along thex direction, is taken into account via the Bir-Pikus Hamiltonian [see the Supplemental Material]. The Luttinger and k · p parameters are based on the T = 0 band structure of pristine HgTe [29] . We can establish the presence and the electronic characteristic of the surface Kramer's doublet at the (100), (010) and (001) surfaces by solving the k · p model at the surface BZ center in the half-infinite space x > 0, y > 0, and z > 0 respectively, using the general method outlined in Ref. 23 . Fig. 2 (a) shows the behavior of the surface Dirac point energy E DP as a function of the uniaxial strain magnitude xx renormalized by the factor D u /(3E 0 ) where E 0 is the distance of the Γ 6 band edge from the direct BZ center midgap while D u is the deformation potential of HgTe. At the (100) surface, the surface Kramer's doublet is buried within the HH valence band, while on the two other surfaces it resides in the indirect bulk gap of the system. This termination dependence is also reflected in the behavior of the penetration depth of the surface We also show the conduction and valence band edges as well as the Γ6 band edge (gray lines). At the (100) surface, the surface Dirac point is buried within the HH valence band but resides in the bandgap of the LH-Γ6 TI bulk.
states [see the Supplemental Material]. Specifically, the surface states at the (010) and (001) surfaces are characterized by a diverging decay length in the xx → 0 limit, which implies that at these planes the TSS penetrate more deeply into the bulk as compared to the (100) TSS.
These different electronic characteristics can be attributed to the different nature of the Dirac wavefunction of the surface BZ center. At the (100) plane, indeed, the surface state Dirac wavefunction is all made of LH and Γ 6 states. A uniaxial strain along thex direction preserves the axial rotation symmetry in the plane, and thus at the surface Γ point with momentum k y ≡ k z ≡ 0 the total angular momentum J x is a good quantum number [4, 23] . This, in turn, implies the absence of any mixing between the |J = 3/2; J x = ±3/2 HH states and the J x = ±1/2 LH and Γ 6 states. Henceforth, the HH bands play the role of inserted "parasitic" bands [23] on top of the LH-Γ 6 TI bulk, in the bandgap of which the surface Dirac point resides [c.f. Fig. 2 ]. This does not hold true at the (010) and (001) planes where the uniaxial strain along thex direction breaks the in-plane rotation symmetry, thereby leading to an effective hybridization between the J y,z = ±1/2 states with J y,z = ±3/2 HH states. The surface Dirac wavefunction becoming a superposition of Γ 6,8 localized states is then pushed out of the HH bulk bandwidth [30] and remerges in the full bandgap of the system, in agreement with the features encountered in the Fano model [31] .
Mirror Chern numbers and pseudospin textures -To proceed further, we now introduce the notion of mirror Chern numbers (MCN). The MCN are topological invariants, which are protected by mirror symmetries. In the absence of strain and neglecting the bulk inversion asymmetry of the zincblende crystal structure, HgTe has nine mirror planes and correspondingly the Kane model Hamiltonian is invariant under these symmetry operations. The presence of an uniaxial strain along the (100) direction reduces the number of mirror planes but preserves the mirror symmetry with respect to the (100), (010), and (001) planes. Since the Kane model Hamiltonian commutes with the corresponding mirror symmetry operations at the three planes k x,y,z ≡ 0, all eigenstates can be classified according to their ±i mirror parity. This allows to define two time-reversal related Chern numbers C ±i whose sum vanishes but with a difference n M = (C i − C −i )/2, which is an integer Z topological invariant and defines the MCN.
We have computed the MCNs of the full six-band Kane model Hamiltonian using its decomposition at the mirror planes in terms of the nine Gell-Mann matrices, and subsequently employed the elegant formulation of Ref. 32 to derive the Chern numbers for the corresponding continuum models. This allows us to avoid an effective twoband modelling which can only be introduced ad hoc. We (001) planes exhibit an anisotropic behavior since the uniaxial strain along thex direction lower the point group symmetry at that surfaces to C2v.
find a MCN n M ≡ −1 at the k y,z ≡ 0 planes, whereas n M ≡ 1 at the k x ≡ 0 plane. And indeed, under proper coordinate transformations, the continuum k · p Hamiltonians at the k y,z ≡ 0 planes cannot be adiabatically transformed into the k x ≡ 0 one without closing the bulk band gap. The three MCNs indicated above allow us to immediately derive a pseudospin texture for the TSS at the (100), (010) and (001) planes, as explained below. At the (100) surface, the projection of the two unbroken mirror planes (010), (001) define two mirror invariant lines where the TSS can be classified according to their mirror eigenvalues. We can thus define a pseudospin vector σ with components related to the mirror operators M y,z by σ y,z = −iM y,z . The dispersion of the TSS can be then written in terms of this pseudospin as
where the sign of the two Fermi velocities v z,x F is uniquely determined by the MCNs of the system via the bulk-edge correspondence for the mirror invariant planes k y,z ≡ 0. Specifically we have sgn(v z,y F ) = n kz,y=0 M which yields the pseudospin texture shown in the top panel of Fig. 3(a) . It exhibits an helical structure with a left-handed helicity for the surface state conduction band, and a righthanded one for the valence band, in perfect agreement with density functional theory studies [33, 34] . At the opposite (100) surface the sign of both two Fermi velocities are flipped, which changes the helicity of the pseudospin texture but still preserves the pseudospin texture winding number w = sgn(v z F × v y F ) = 1. A similar analysis at the (010) and (001) surface terminations yields the pseudospin textures shown in Fig. 3(a) . At these surfaces the different values of the two MCN for the mirror invariant planes yield a pseudospin texture with an opposite winding number w = −1. Fig. 4 shows the behavior of the magnitude of the TSS Fermi velocities |v F | as a function of the strain magnitude xx . We find that for the TSS at the (100) plane, the two Fermi velocities v y,z F have equal magnitudes. Therefore, the TSS display a global U(1) rotational symmetry similarly to the case of for instance Bi 2 Se 3 [21] . As a two-dimensional k · p for the pseudospin one-half surface Kramer doublet explicitly shows [23] , this is an immediate consequence of the fourfold rotational symmetry along thex axis. And indeed, at the (010) and (001) planes where the uniaxial strain along the (001) direction lowers the surface point group symmetry from C 4v to C 2v , we find the Fermi velocities of the TSS to differ, with an anisotropy that is enhanced by increasing the strain magnitude.
Spin textures -The pseudospin textures of the TSS have a close relation to the physical spin textures. This can be found introducing the projector operator P x,y,z = (1 − iM x,y,z ) /2 onto the subspaces of the Kane model Hamiltonian with mirror parity +i, and considering their effect on the physical spin operators S x,y,z at the mirror planes. It can be shown that P i S j P i ≡ 0 for i = j, which simply states that at the surface mirror invariant lines, the physical spin can be either parallel or antiparallel to the pseudospin. For SmB 6 , the physical spin was found to be always parallel to the pseudospin, and thus the knowledge of the MCNs provides us a robust classification of the topological surface state spin textures [26] . This, however, does not hold true for HgTe. The projected spin operator of the Γ 6,8 bands has both positive and negative eigenvalues, and thus the relation between the pseudospin and the physical spin depends on the orbital composition of the surface states. By evaluating the projected spin operator eigenvalues of the TSS along the mirror invariant lines, we find that the physical spin is always parallel to the pseudospin except at the k z ≡ 0 and k y ≡ 0 mirror invariant lines for the (010) and (001) surface terminations respectively. At these mirror invariant lines, the physical spin is indeed antiparallel to the pseudospin below a critical strain magnitude | c |, and parallel above it. This implies that contrary to the TSS pseudospin textures at the (010) and (001) surface terminations, which are characterized by a w = −1 winding number independent of the strain magnitude, the physical spin textures exhibit a right-handed w = 1 helical structure for small strain [c.f. Fig. 4(b) ]. The w = 1 spin textures equal to the pseudospin textures are then restored for larger strain values. To gain more insight into this spin texture topological phase transition, we have computed the orbital resolved projected spin eigenvalue of the TSS along the mirror invariant lines k y,z ≡ 0 for the (001) and (010) surface terminations respectively, by varying the strain magnitude [c.f. Fig. 5 ]. The TSS with positive pseudospin, i.e. mirror parity eigenvalue +i, is an admixture of |J, J y,z = |1/2, 1/2 Γ 6 , |3/2, 3/2 HH and |3/2, −1/2 LH states. For small strain, the TSS has a predominant LH orbital character which implies that the physical spin is antiparallel to the pseudospin. By continuously increasing the strain magnitude, the TSS starts to acquire a sizeable Γ 6 and HH character which ultimately reverse the spin direction to be parallel to the pseudospin.
Conclusions -We have classified the topological surface state spin texture of bulk uniaxially strained HgTe using the close relations among spin texture winding number, mirror Chern numbers and orbital character of the topological surface states. We have shown that assuming a strain along thex direction, the spin texture at the C 4v point-group symmetric (100) plane exhibit a conventional left-handed helical structure, while considering the C 2v symmetric (010) and (001) surface terminations the nature of the spin texture strongly depend on the orbital character of the topological surface states. The topological charge of the spin texture vortex structure can be indeed flipped by increasing the strain magnitude. This phenomenon is entirely due to the strain dependence of the orbital character of the TSS and occurs without any bulk bandgap closing-reopening point or change in the bulk MCN values, making such a topological phase transition very different from the ones proposed in for instance SmB 6 [26] and HgTe x S 1−x [34] . 
